Abstract-This paper is concerned with joint determination of the optimal lot size and optimal number of shipments for an economic production quantity (EPQ) model with the reworking of random defective items produced. The classic EPQ model assumes a continuous issuing policy for satisfying product demand and perfect quality production for all items produced. However, in a real life vendor-buyer integrated-productioninventory system, a multi-delivery policy is used practically in lieu of the continuous issuing policy, and it is inevitable to generate defective items during a production run. In this study, all nonconforming items produced are considered to be repairable and are reworked in each cycle after the end of a production run. The fixed-quantity multiple installments of the finished batch can only be delivered to customers if the whole lot is quality assured at the end of the rework. Mathematical modeling is used and the longrun average integrated cost per unit time is derived. Convexity of the cost function is proved by the use of the Hessian matrix equations. A closed-form optimal productionshipment policy to the problem is obtained. A special case to the model is discussed. Finally, a numerical example is provided to demonstrate the model's practical usage.
INTRODUCTION
In the production and inventory management field, "when should a replenishment lot be initiated?" and "how many to be produced in a lot?" are two fundamental questions that must be answered by production-inventory practitioners for the products they routinely manufacture [1] [2] in order to minimize the long-run average costs per unit time. The economic production quantity (EPQ) model [1] [2] [3] is often utilized to assist production and inventory managers in addressing the aforementioned questions on "when to start a production run" and "how many items to be produced each time".
The classic EPQ model assumes a continuous inventory issuing policy for satisfying product demand. However, in a real life vendor-buyer integrated production-inventory system, multiple or periodic deliveries of finished products are commonly adopted at customer's request. Goyal [4] first considered integrated inventory model for a single supplier-single customer problem. He proposed a method that is typically applicable to those inventory problems where a product is procured by a single customer from a single supplier. Example was given to illustrate the method proposed. Studies have since been carried out to address various aspects of supply chain optimization [5] [6] [7] [8] [9] [10] [11] [12] [13] . Banerjee [5] studied a joint economic-lot-size model for purchaser and vendor. Sarker and Parija [6] considered a manufacturing system which procures raw materials from suppliers and processes them to convert to finished products. They proposed a model that was used to determine an optimal ordering policy for procurement of raw materials, and the manufacturing batch size to minimize the total cost for meeting equal shipments of the finished products, at fixed intervals, to the buyers. Hill [8] examined a model in which a manufacturing company purchases a raw material, manufactures a product (at a finite rate) and ships a fixed quantity of the product to a single customer at fixed and regular intervals of time, as specified by the customers. The objective of his model is to determine a purchasing and production schedule which minimizes the total cost of purchasing, manufacturing and stockholding. Viswanathan [9] reexamined an integrated vendor -buyer inventory models with two different strategies that had been proposed in the literature for the problem: one where each replenishing quantity delivered to the buyer is identical and the other strategy where at each delivery all the inventory available with the vendor is supplied to the buyer. He showed that there is no one strategy that obtains the best solution for all possible problem parameters. His study presented the results of a detailed numerical investigation that analyzed the relative performance of the two strategies for various problem parameters. Sarker and Khan [10] considered a manufacturing system that procures raw materials from suppliers in a lot and processes them into finished products which are then delivered to outside buyers at fixed points in time. A general cost model was formulated considering both raw materials and finished products. Using this model, a simple procedure was developed to determine optimal ordering policy for procurement of raw materials as well as manufacturing batch size, to minimize the total cost of meeting customer demands in time. Khouja [12] formulated and solved the two-stage supply chain inventory models in which the proportion of defective products increases with increased production lot sizes. He showed that the quality considerations can lead to significant reduction in production lot sizes. In addition, his models showed that most benefits to the supply chain are attained from the suppliers producing on a just-in-time basis rather than delivering to their customers just-in-time. The closed-form expressions for the optimal lot sizes for a two-stage supply chain under deterministic and stochastic demand were derived, respectively.
Another unrealistic assumption of the classic EPQ model is that "all items produced are of perfect quality". In a real-life production system, due to process deterioration and/ or other factors, generation of imperfect quality items is inevitable. Studies have been carried out to enhance the classic EPQ model by addressing the issue of defective items produced [14] [15] [16] [17] [18] [19] [20] . The nonconforming items sometimes can be reworked and repaired hence overall production costs can be significantly reduced [21] [22] [23] [24] [25] [26] [27] [28] [29] . For instance, manufacturing processes in printed circuit board assembly, or in plastic injection molding, etc., sometimes employs rework as an acceptable process in terms of level of quality. Hayek and Salameh [22] assumed that all of the defective items produced are repairable and derived an optimal operating policy for EPQ model under the effect of rework of all defective items. Jamal et al. [24] studied the optimal manufacturing batch size with rework process at a single-stage production system. Cases of rework being completed within the same production cycle as well as rework being done after N cycles are examined. They developed mathematical models for each case, and derived total system costs and the optimal batch sizes accordingly. For the reason that little attention was paid to investigate the joint effect of a multi-shipment policy and a rework process on the optimal replenishment lot size and optimal number of shipments of EPQ model, this paper intends to bridge the gap.
MATHEMATICAL MODELLING
The aim of this study is to jointly determine the optimal lot size and optimal number of shipments for an EPQ model with rework. Consider that during regular production time, there is an x portion of defective items produced randomly at a production rate d. All defective items are assumed to be repairable and are reworked at a rate P 1 in each cycle after the end of a production run. In order to prevent shortages from occurring, the constant production rate P has to be larger than the sum of demand rate λ and production rate of defective items d. That is: (P-d-λ)>0 or (1-x-λ/P)>0; where d=Px. Unlike the classic EPQ model assuming a continuous issuing policy for satisfying demand λ, this paper considers a multi-delivery policy. It is assumed that the finished items can only be delivered to customers if the whole lot is quality assured at the end of rework. The fixed-quantity n installments of finished batch are delivered to customers, at a fixed interval of time during the production downtime t 3 (see Figure 1 ). Cost parameters considered in the proposed model include unit production cost C, unit holding cost h, setup cost K, unit rework cost C R , holding cost h 1 for each reworked item, fixed delivery cost K 1 per shipment, and delivery cost C T per item shipped to customers. Additional notation used is listed as follows. Q = a decision variable, stands for the production batch size for each run, n = a decision variable, denotes the number of fixed-quantity installments of the finished batch to be delivered to the customers, H 1 = maximum level of on-hand inventory in units when production process ends, H = maximum level of on-hand inventory in units when rework process finishes, t 1 = the production uptime for the proposed EPQ model, t 2 = time required for reworking of defective items, t 3 = time required for delivering all quality assured finished products, t n = a fixed interval of time between each installment of finished products delivered during production downtime t 3 , T = cycle length, I(t) = on-hand inventory of perfect quality items at time t, I d (t) = on-hand inventory of defective items at time t, TC(Q,n) = total production-inventory-delivery costs per cycle for the proposed model, TC 1 (Q,n) = total production-inventory-delivery per cycle when no defective items produced (i.e. the special case, it is the same as the classic EPQ model with a multi-delivery policy), E[TCU(Q,n)] = the long-run average costs per unit time for the proposed model, E[TCU 1 (Q,n)] = the long-run average costs per unit time for model in the special case. From Figure 1 , the following parameters can be obtained directly [22] [23] :
(6) The on-hand inventory of defective items during the production uptime t 1 and the reworking time t 2 is illustrated in Figure 2 . It may be noted that maximum level of on-hand defective items is dt 1 , and
Cost for each delivery and total delivery costs for n shipments in a cycle are:
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The variable holding costs for finished products kept by the manufacturer, during the delivery time t 3 where n fixed-quantity installments of the finished batch are delivered to customers at a fixed interval of time, are as follows (see Appendix A for derivations). 
The variable holding costs for finished products kept by the customer during the delivery time t 3 , are as follows (see Appendix B for the detailed computations).
Total costs per cycle TC(Q,n) consists of setup cost, variable production cost, variable rework cost, fixed and variable delivery cost, holding cost during production uptime t 1 and reworking time t 2 , variable holding cost for items reworked, and holding cost for finished goods kept by both the manufacturer and the customer during the delivery time t 3 where n fixed-quantity installments of the finished batch are delivered to customers at a fixed interval of time. Therefore, TC(Q,n) is
In order to take the randomness of defective rate into account, the expected values of x can be used in the inventory cost analysis. Substituting equations (1)- (11) in TC(Q,n), E[TCU(Q,n)] can be obtained as follows:
PROOF OF CONVEXITY AND DERIVING OPTIMAL SOLUTIONS
For the proof of convexity of E[TCU(Q,n)], one can use Hessian matrix equation [30] and obtain the following:
Equation (14) is resulting positive, because K, λ, and Q are all positive. Hence, it follows that the expected integrated costs E[TCU(Q,n)] is a strictly convex function for all Q and n different from zero. Then for deriving the optimal production lot size Q* and optimal number of shipments n*, one can differentiate E[TCU(Q,n)] with respect to Q and with respect to n, and solve the linear system of equations (15)- (16) by setting these partial derivatives equal to zero.
By setting equation (15) equal to zero, one has:
With further rearrangements, one obtains the optimal production lot size Q*.
By setting equation (16) equal to zero, one has:
Substituting equation (18) in equation (19) , the following can be obtained:
With further arrangements, one obtains the following optimal number of delivery n*:
SPECIAL CASE
Suppose that all items produced are of perfect quality (i.e. x=0), the proposed model becomes the same as the classic EPQ model with a multi-shipment policy. Total cost per cycle is:
The expected production-inventory-delivery cost per unit time for this special model can be derived as follows:
The convexity of E[TCU 1 (Q,n)] can also be proved and the optimal solutions to this special model can be obtained as follows:
NUMERICAL EXAMPLE
Consider the demand rate of a manufactured item is 3,400 units per year. It can be produced at a rate of 60,000 units per year. During the production uptime, a random defective rate x is assumed and which follows a uniform distribution over the interval [0, 0.3]. All defective items produced are considered to be repairable and a rate of rework (21), (18) , and (13), the optimal number of delivery n*=2, the optimal production lot size Q*=1,673, and the long-run average cost E[TCU(Q*,n*)]=$487,617 can be obtained. It may be noted that n* should practically be an integer number, so in this example n*=2 is rounded off from its original value 2.0136 computed by equation (21) . The effect of variation of the number of shipments n on the long-run cost function E[TCU(Q,n)] is depicted in Figure 3 . It is noted that in this numerical example, the optimal integer number of shipments n* =2.
Also, since E[TCU(Q*,n*)] is not necessarily symmetrical on both sides of n*, in the case of n* falling closer to the midpoint of two integers, we suggest that both integer numbers should be plugged into equation (13) , and select whichever integer gives the minimum cost as n*. Variation of the random defective rate x effects on the cost function E[TCU(Q*,n*)] is displayed in Figure 4 . It is noted that as the random defective rate x increases, the value of the long-run cost function E[TCU(Q*,n*)] increases significantly.
The optimal solutions for the special case (i.e. situation when all items produced are of perfect quality) can be obtained are by using equations (25) , (24) and (23) as follows: the optimal number of delivery n*=3 (is rounded off from 3.257), the optimal lot size Q*=2,276, and the long-run average cost E[TCU 1 (Q*,n*)]= $439,101. 
CONCLUSION
This paper is concerned with jointly determining the optimal production lot size and optimal number of shipments for an EPQ model with the rework of random defective items produced. It is intended to address the unrealistic assumptions of the classic EPQ model in regards to a continuous issuing policy and the perfect production.
The mathematical modeling is used, and an integrated production-inventorydelivery cost function is derived. Hessian matrix equations are employed to prove the convexity of this cost function, and the closed-form solutions to the problem in terms of the optimal lot-size and optimal number of shipments are obtained. It may be noted that without an in-depth investigation and robust analysis of such a realistic EPQ model, the optimal production-shipment policy cannot be obtained. Neither can the insight regarding the effects of system parameters be gained (refer to Figures 3 and 4) . 
